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Abstract

A binary mapping from Fock space of bosonic state to qubits is given. Based on the binary mapping, an
algorithm of qubitization of bosons with complexity O(log(N)) is described by recurrence relation. As an
proposal, the algorithm of qubitization of bosons to simulate real time dynamics of Yukawa coupling is
realized which might be achieved in superconductivity noisy intermediate–scale quantum computer at
not far future.

Keywords: quantum simulation, Yukawa coupling
DOI: 10.31526/PHEP.2025.03

1. INTRODUCTION
Understanding the space of quantum particle resides, subdi-
viding the space by symmetry and spanning the space by
qubits in an economic way are one method of constructing
digital quantum simulation algorithm. Digital quantum sim-
ulation can simulate almost any quantum many–body prob-
lem [1, 2, 3, 4] efficiently, no matter the quantum many–
body systems are strong correlated, ultra–strong coupling or
non–linear. quantum many–body problems are the chain, sur-
face or three–dimensional lattice models interacted by bosons,
fermions and anyons located in lattice sites. quantum many–
body problems are important for quantum material (quantum
spin chain, quantum spin liquid, quantum topological insula-
tor), biomolecular pharmacy and high energy physics (when
quantum field theory being latticed). The quantum many–body
system, in second quantized version, has a state vector in a
huge Hilbert space transcendent position and time. The state
vector is driven by Schördinger equation and evolved unitarily
with Hamiltonian in exponential. The transcendence of state
vector is the origin of non–local entanglements and correla-
tions of particles. Each fermion, boson and anyon is operator
valued field and spanned by annihilation and creation opera-
tors. The annihilation and creation operators can be written in
momentum space, position space or anyother complete space.
The position space in quantum many–body problem is not fun-
damental, the annihilation and creation operator be written in
position space alwaysly because the position space feeds us
stubborn intuition, and more importantly for the mathemati-
cians and physicists, the position space always has good sym-
metry for quantum many–body problems. Even though quan-
tum many–body system is on lattice, the huge Hilbert space is
continuously and governed by symmetry, then the topological
analyzes are useful and topological phenomena are important
for quantum multi-body problems.

There are underlying algorithm of digital quantum simu-
lation of fermions and bosons. For fermions, there are Jordan–
Wigner [5, 6] and Bravyi–Kitaev [7, 8] transformation with com-
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plexities O(N) and O(log(N)), respectively, where N is the
number of qubits. For bosons, there is one–to–one mapping
from creation and anihilation operators of boson to operations
of qubits with complexity O(N) [9]. There are also one–to–
one and efficient mapping of Fock states from neutral network
[10, 11, 12]. In this paper, we show an binary mapping from
Fock space of boson to Hilbert space spanned by qubits. A
novel quantum simulation algorithm of boson, named “qubiti-
zation of bosons”, with complexity O(log(N)) is derived from
the binary mapping. After the analog version [13, 14], an exam-
ple of using the algorithm of qubitization of bosons to digitally
simulate a quantum many–body problem, non–pertubatively
real time dynamics of Yukawa coupling, in matrix product state
(MPS) [15, 16, 17] is shown and this proposal may achieved in
noisy intermediate–scale quantum computer (NISQ) in near fu-
ture.

2. ONE–TO–ONE MAPING FROM BOSONS
FOCK SPACE TO QUBITS

The one–to–one mapping of boson Fock space to qubits is [9]

|0⟩x ↔ | ↑0↓1↓2 · · · ↓N⟩x,

|1⟩x ↔ | ↓0↑1↓2 · · · ↓N⟩x,

|2⟩x ↔ | ↓0↓1↑2 · · · ↓N⟩x,
...

|N⟩x ↔ | ↓0↓1↓2 · · · ↑N⟩x,

where | ↓⟩ and | ↑⟩ are spin down and up qubits. Then, the
truncated boson creation operator is written by Pauli matrices

â†
x =

(
N−1

∑
i=0

√
i + 1σi

−σi+1
+

)
x

. (1)

The particles number operator in this one–to–one mapping is

n̂x =

(
N

∑
i=0

n
σi

z + 1
2

)
x

. (2)

This boson quantum computation algorithm has complexity
O(N), where N is number of qubits.
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3. BINARY MAPPING FROM BOSONS FOCK
SPACE TO QUBITS

We span the truncated 2t − 1 dimension Fock space of boson in
position x by t qubits in binary mapping

|0⟩x = | ↑1, ↑2, ..., ↑t−1, ↑t⟩x,

|1⟩x = | ↑1, ↑2, ..., ↑t−1, ↓t⟩x,

|2⟩x = | ↑1, ↑2, ..., ↓t−1, ↑t⟩x,

|3⟩x = | ↑1, ↑2, ..., ↓t−1, ↓t⟩x,
...

|2t − 1⟩x = | ↓1, ↓2, ..., ↓t−1, ↓t⟩x, (3)

where |i⟩x(i = 0, 1, · · · , 2t − 1) is the basis of i bosons occupa-
tion space in position x. The maximal occupation number of bo-
son in position x should be infinite in reality and we truncate it
to 2t − 1 in this paper for quantum simulations. The matrix for-
mulation of t qubits truncated creation operator of boson field
is

â†
t,x =



0 0 0 0 0
1 0 0 0 0
0

√
2 0 0 · · · 0

0 0
√

3 0 0
...

. . . 0
0 0 0 0

√
2t − 1 0


x

, (4)

where t means we need t qubits to simulate a boson quantum
state (truncation number is 2t − 1). If we write the creation op-
erator of boson as 2t − 1 terms

â†
t,x = (

2t−1

∑
i=1

√
iĉ(1,t)

i )x, (5)

where (1, t) indices upon ĉ(1,t)
i means the ĉ(1,t)

i operator acting
on qubits 1 to t at site x. Equation (4) tells us that for t equals 1,

â†
1,x = (σ1

−)x. (6)

We find a recurrence relation to derive the 2t − 1 truncation
creation operator â†

t,x to 2(t+1) − 1 truncation creation operator
â†

t+1,x

â†
t+1,x =

(
2t−1

∑
i=1

√
iI1
+ ⊗ ĉ(2,t+1)

i +
√

2tσ1
− ⊗ σ2

+... ⊗ σt+1
+

+
2t+1−1

∑
i=2t+1

√
iI1
− ⊗ ĉ(2,t+1)

i

)
x

, (7)

where
(

ĉ(2,t+1)
i

)
x

acting on qubits from 2 to t + 1 at position x.

The definition of σ+, σ−, I+ and I− are listed

σ+ =
1
2
(σx + iσy), σ− =

1
2
(σx − iσy), (8)

I+ =
1
2
(I + σz), I− =

1
2
(I − σz). (9)

The Pauli matrix formulation of any 2t − 1 truncation boson
creation operator can be derived from (5), (6) and (7) and we
show several examples as follows.

If we choose 2 qubits to span the truncated boson Fock
space, then we have

â†
2,x =

(
I1
+ ⊗ σ2

− +
√

2σ1
− ⊗ σ2

+ +
√

3I1
− ⊗ σ2

−
)

x
, (10)

where operations σ1 and σ2 acting on “boson 1” and “boson
2” qubits, respectively, on position x. For the boson creation
operator, when qubits number t equals 3, we have

â†
3,x =

[
I1
+ ⊗ I2

+ ⊗ σ3
− +

√
2I1

+ ⊗ σ2
− ⊗ σ3

+ +
√

3I1
+ ⊗ I2

− ⊗ σ3
−

+
√

4σ1
− ⊗ σ2

+ ⊗ σ3
+ +

√
5I1

− ⊗ I2
+ ⊗ σ3

−

+
√

6I1
− ⊗ σ2

− ⊗ σ3
+ +

√
7I1

− ⊗ I2
− ⊗ σ3

−
]

x
.

The bosons creation operator in position x with qubits number
t equal 3 is represented by Pauli matrices as follow

â†
3,x =

1
8

[(
(1 +

√
3 +

√
5 +

√
7)σ3

x + 2
√

2 +
√

3σ2
x ⊗ σ3

x

+2
√

2 +
√

3σ2
y ⊗ σ3

y + 2σ1
x ⊗ σ2

x ⊗ σ3
x − 2σ1

x ⊗ σ2
y ⊗ σ3

y

+(1 +
√

3 −
√

5 −
√

7)σ1
z ⊗ σ3

x + (
√

2 −
√

6)σ1
z ⊗ σ2

x ⊗ σ3
x

+(1 −
√

3 −
√

5 +
√

7)σ1
z ⊗ σ2

z ⊗ σ3
x + 2σ1

y ⊗ σ2
x ⊗ σ3

y

+(1 −
√

3 +
√

5 −
√

7)σ2
z ⊗ σ3

x + (
√

2 −
√

6)σ1
z ⊗ σ2

y ⊗ σ3
y

+2σ1
y ⊗ σ2

y ⊗ σ3
x

)
+ i
(

2
√

2 +
√

3σ2
x ⊗ σ3

y − 2
√

2 +
√

3σ2
y ⊗ σ3

x

+(−1 +
√

3 −
√

5 +
√

7)σ2
z ⊗ σ3

y + 2σ1
x ⊗ σ2

x ⊗ σ3
y

+2σ1
x ⊗ σ2

y ⊗ σ3
x − 2σ1

y ⊗ σ2
x ⊗ σ3

x + 2σ1
y ⊗ σ2

y ⊗ σ3
y

+(
√

2 −
√

6)σ1
z ⊗ σ2

x ⊗ σ3
y − (

√
2 −

√
6)σ1

z ⊗ σ2
y ⊗ σ3

x

−(1 +
√

3 +
√

5 +
√

7)σ3
y − (1 +

√
3 −

√
5 −

√
7)σ1

z ⊗ σ3
y

−(1 −
√

3 −
√

5 +
√

7)σ1
z ⊗ σ2

z ⊗ σ3
y

)]
x

,

and the particle number operator

n̂3,x = â†
3,x â3,x =

1
2
(7I − 4σ1

z − 2σ2
z − σ3

z )x.

Something usually appearing blocks in quantum simulation of
bosons are

n̂3,x n̂3,x =
1
2
(35I − 28σ1

z − 14σ2
z − 7σ3

z + 8σ1
z σ2

z + 4σ1
z σ3

z + 2σ2
z σ3

z )x,

and

â†
3,x â†

3,x + â3,x â3,x =
1
4
[(
√

2 +
√

6 +
√

30 +
√

42)σ2
x

+(
√

12 −
√

20)σ1
x σ2

x σ3
z + (

√
12 −

√
20)σ1

y σ2
y σ3

z

+(
√

12 +
√

20)σ1
x σ2

x + (
√

2 −
√

6 −
√

30 +
√

42)σ1
z σ2

x σ3
z

+(
√

12 +
√

20)σ1
y σ2

y + (
√

2 −
√

6 +
√

30 −
√

42)σ2
x σ3

z

+(
√

2 +
√

6 −
√

30 −
√

42)σ1
z σ2

x ]x.

For qubits number t equals 4, the Pauli matrices formulation
of boson creation operator in position x can be derived from
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recurrence relation (7)

â†
4,x =

[
I1
+ ⊗ I2

+ ⊗ I3
+ ⊗ σ4

− +
√

2I1
+ ⊗ I2

+ ⊗ σ3
− ⊗ σ4

+

+
√

3I1
+ ⊗ I2

+ ⊗ I3
− ⊗ σ4

− +
√

4I1
+ ⊗ σ2

− ⊗ σ3
+ ⊗ σ4

+

+
√

5I1
+ ⊗ I2

− ⊗ I3
+ ⊗ σ4

− +
√

6I1
+ ⊗ I2

− ⊗ σ3
− ⊗ σ4

+

+
√

7I1
+ ⊗ I2

− ⊗ I3
− ⊗ σ4

− +
√

8σ1
− ⊗ σ2

+ ⊗ σ3
+ ⊗ σ4

+

+
√

9I1
− ⊗ I2

+ ⊗ I3
+ ⊗ σ4

− +
√

10I1
− ⊗ I2

+ ⊗ σ3
− ⊗ σ4

+

+
√

11I1
− ⊗ I2

+ ⊗ I3
− ⊗ σ4

− +
√

12I1
− ⊗ σ2

− ⊗ σ3
+ ⊗ σ4

+

+
√

13I1
− ⊗ I2

− ⊗ I3
+ ⊗ σ4

− +
√

14I1
− ⊗ I2

− ⊗ σ3
− ⊗ σ4

+

+
√

15I1
− ⊗ I2

− ⊗ σ3
− ⊗ σ4

−
]

x
,

and for qubits number t is equal to 5

â†
5,x =

[
I1
+ ⊗ I2

+ ⊗ I3
+ ⊗ I4

+ ⊗ σ5
− +

√
2I1

+ ⊗ I2
+ ⊗ I3

+ ⊗ σ4
− ⊗ σ5

+

+
√

3I1
+ ⊗ I2

+ ⊗ I3
+ ⊗ I4

− ⊗ σ5
− +

√
4I1

+ ⊗ I2
+ ⊗ σ3

− ⊗ σ4
+ ⊗ σ5

+

+
√

5I1
+ ⊗ I2

+ ⊗ I3
− ⊗ I4

+ ⊗ σ5
− +

√
6I1

+ ⊗ I2
+ ⊗ I3

− ⊗ σ4
− ⊗ σ5

+

+
√

7I1
+ ⊗ I2

+ ⊗ I3
− ⊗ I4

− ⊗ σ5
− +

√
8I1

+ ⊗ σ2
− ⊗ σ3

+ ⊗ σ4
+ ⊗ σ5

+

+
√

9I1
+ ⊗ I2

− ⊗ I3
+ ⊗ I4

+ ⊗ σ5
− +

√
10I1

+ ⊗ I2
− ⊗ I3

+ ⊗ σ4
− ⊗ σ5

+

+
√

11I1
+ ⊗ I2

− ⊗ I3
+ ⊗ I4

− ⊗ σ5
− +

√
12I1

+ ⊗ I2
− ⊗ σ3

− ⊗ σ4
+ ⊗ σ5

+

+
√

13I1
+ ⊗ I2

− ⊗ I3
− ⊗ I4

+ ⊗ σ5
− +

√
14I1

+ ⊗ I2
− ⊗ I3

− ⊗ σ4
− ⊗ σ5

+

+
√

15I1
+ ⊗ I2

− ⊗ I3
− ⊗ σ4

− ⊗ σ5
− +

√
16σ1

− ⊗ σ2
+ ⊗ σ3

+ ⊗ σ4
+ ⊗ σ5

+

+
√

17I1
− ⊗ I2

+ ⊗ I3
+ ⊗ I4

+ ⊗ σ5
− +

√
18I1

− ⊗ I2
+ ⊗ I3

+ ⊗ σ4
− ⊗ σ5

+

+
√

19I1
− ⊗ I2

+ ⊗ I3
+ ⊗ I4

− ⊗ σ5
− +

√
20I1

− ⊗ I2
+ ⊗ σ3

− ⊗ σ4
+ ⊗ σ5

+

+
√

21I1
− ⊗ I2

+ ⊗ I3
− ⊗ I4

+ ⊗ σ5
− +

√
22I1

− ⊗ I2
+ ⊗ I3

− ⊗ σ4
− ⊗ σ5

+

+
√

23I1
− ⊗ I2

+ ⊗ I3
− ⊗ I4

− ⊗ σ5
− +

√
24I1

− ⊗ σ2
− ⊗ σ3

+ ⊗ σ4
+ ⊗ σ5

+

+
√

25I1
− ⊗ I2

− ⊗ I3
+ ⊗ I4

+ ⊗ σ5
− +

√
26I1

− ⊗ I2
− ⊗ I3

+ ⊗ σ4
− ⊗ σ5

+

+
√

27I1
− ⊗ I2

− ⊗ I3
+ ⊗ I4

− ⊗ σ5
− +

√
28I1

− ⊗ I2
− ⊗ σ3

− ⊗ σ4
+ ⊗ σ5

+

+
√

29I1
− ⊗ I2

− ⊗ I3
− ⊗ I4

+ ⊗ σ5
− +

√
30I1

− ⊗ I2
− ⊗ I3

− ⊗ σ4
− ⊗ σ5

+

+
√

31I1
− ⊗ I2

− ⊗ I3
− ⊗ σ4

− ⊗ σ5
−
]

x
.

4. AN EXAMPLE: USING THE ALGORITHM
OF QUBITIZATION OF BOSONS TO
DIGITALLY SIMULATE YUKAWA COU-
PLING

The discrete Hamiltonian in interaction picture of Yukawa cou-
pling is (h̄ = c = 1)[13, 14]

HI = g ∑
x

κψ†(x)ψ(x)ϕ(x), (11)

where x is one–dimension position space with lattice spacing κ.
The fermion and scalar fields are represented by creation and
annihilation operators [18, 19]

ϕ(x) =
1√
2ω0

(
ât,xe−iω0t + â†

t,xeiω0t
)

, (12)

ψ(x) =
1√
2ω

(
b̂xe−iωt + d̂†

xeiωt
)

, (13)

where ât,x, b̂x and dx (â†
t,x, b̂†

x and d†
x) are annihilation (creation)

operators of boson, fermion and anti–fermion. ω0 and ω are

masses of scalar and fermions. The operator ât,x means there
are t qubits to span the boson truncated Fock space in position
x. The creation and annihilation operators in position space are
Fourier transform version of creation and annihilation opera-
tors in momentum space

ât,x =
∫ dp

2π
ât,peipx, (14)

b̂x =
∫ dp

2π
b̂peipx, d̂†

x =
∫ dp

2π
d̂†

pe−ipx. (15)

Then the Hamiltonian is written

HI =
gκ

2ω
√

2ω0
∑
x

[
(b̂†

x b̂x + b̂†
x d̂†

xe2iωt + d̂x b̂xe−2iωt

+d̂x d̂†
x)ât,xe−iω0t + H.c.

]
. (16)

The Fock spaces of fermion and anti–fermion are spanned by
qubits as follows

|0⟩x,s = | ↓⟩x,s, |1⟩x,s = | ↑⟩x,s, (17)

where s = 1, 2 = N, P is index of anti–fermion and fermion.
The Jordan–Wigner mapping gives us a Pauli matrices repre-
sentation of the creation operators of fermion and anti–fermion

b̂†
x = −σx,N

z σx,P
+ , d̂†

x = σx,N
+ , (18)

where σP and σN acting on qubits of “fermion” and “anti–
fermion”, respectively, on position x.

The Pauli matrices formulation of Yukawa coupling Hamil-
tonian in interaction picture from equations (10), (16), (18) with
t equal to 2 is

HI = η ∑
x

[(
ξ1 I + ξ2σx,P

z + ξ3σx,N
z + ξ4σx,P

x σx,N
x

+ξ5σx,P
y σx,N

y + ξ6σx,P
x σx,N

y + ξ7σx,P
y σx,N

x

)
(

ζ1σ2
x + ζ2σ1

z σ2
x + ζ3σ1

x σ2
x + ζ4σ1

x σ2
y + ζ5σ2

y

+ζ6σ1
z σ2

y + ζ7σ1
y σ2

x + ζ8σ1
y σ2

y

)]
x

, (19)

where

η =
gκ

8ω
√

2ω0
, ξ1 = 2,

ξ2 = 1, ξ3 = −1,

ξ4 = − cos 2ωt, ξ5 = cos 2ωt,
ξ6 = sin 2ωt, ξ7 = sin 2ωt,

ζ1 = (1 +
√

3) cos ω0t, ζ2 = (1 −
√

3) cos ω0t,

ζ3 =
√

2 cos ω0t, ζ4 = −
√

2 sin ω0t,
ζ5 = (1 +

√
3) sin ω0t, ζ6 = (1 −

√
3) sin ω0t,

ζ7 =
√

2 sin ω0t, ζ8 =
√

2 cos ω0t. (20)

The evolution of quantum state of quantum field theory in
interaction picture is driven by the time–evolution operator
U(t, t0)

|Ψ(t)⟩ = U(t, t0)|Ψ(t0)⟩. (21)

The |Ψ(t0)⟩ is initial state and can be set by hand. The time
evolution operator U(t, t0) satisfy

U(t, t0) = U(t, t − ∆t) · · ·U(t0 + ∆t, t0)︸ ︷︷ ︸
nt

, (22)

3
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where nt · ∆t = t − t0. Eliminating the error bar from tran-
cation of occupation of bosons, the time evolution operator
U(t + ∆t, t) is approximated with

U(t + ∆t, t) = lim
N→∞

e−i 1
N [HI (t+ N−1

N ∆t)+HI (t+ N−2
N ∆t)···+HI (t)]∆t

≈ e−iHI (t′)∆t, (23)

where t′ ∈ [t, t+∆t]. The error bar from nondeterminacy of the
t′ can be estimated by number of random sampling t′ in time
interval [t, t + ∆t].

The quantum circuit to simulate (23) is shown in Fig. 1. The
H in Fig. 1 is Hadamard operation and R is

R =
1√
2

(
1 −i
i −1

)
. (24)

Fig. 1: Quantum circuits to simulate time evolution operator
(23) is shown. There are lots of single qubit operations H, R and
CNOT operations being cancelled and we show them by light
blue and dotted lines.

We measure the particle number operator of boson and
fermions to get real time dynamics of occupation probability
ρ(t) as follow

ρb(t) = ∑
x
⟨Ψ(x, t)|n̂x,b|Ψ(x, t)⟩, (25)

ρs, f (t) = (−1)s−1 ∑
x
⟨Ψ(x, t)|n̂x,s|Ψ(x, t)⟩, (26)

4
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